Abstract
Introduction
In order to reduce the costs and consequently the material consumption, the construction of recent bridges is dominated by slender structures. Taking into account a sufficient load carrying capacity and durability, reduction of the bridges' costs can be achieved only by optimizing the bridge structures. This work is dedicated to the overall optimization of network tied arch structures for pedestrian bridges of moderate span. A network arch bridge is one of the most slender bridge schemes. Intersecting incline hangers are optimal for uneven or changing external loads, leading mainly to the axial internal forces in the members of bridge. Scheme of tied arch with vertical hangers leads to a substantially heavier design.
The behaviour and design of network arch bridges were investigated in details by Tveit [1] . The main his conclusion is, an optimal network arch will remain the world's most slender bridge. Teich [2] in his dissertation tackled the development of optimal structure for network arch. Teich recommends using up to 50 hangers since their efficiency reduces significantly above 50. An essential parameter is the arrangement of hangers. Teich analysed five different arrangement types and concluded that the radial arrangement and arrangement with constantly decreasing slope of hangers are the best choices. Teich also suggests designing the arch of elliptical shape or arch with double radii, and of height 1/5 to 1/7 of the span length. On the contrary, Brito [3] asserts that for a bridge of 100 m span and of 17 m arch rise the variable hanger slope configuration is the least efficient arrangement scheme. However, in these works the influence of different parameters to the objective function (i.e., the cost of the structure or its equivalent form -the mass of structure) was studied independently.
Mathematically, optimization of bridge scheme is constraint optimization problem with numerous discrete and continuous design parameters. For large-scale optimization problems, the high-dimensional design space contains usually numerous local minima scattered throughout the space. Common gradient optimization methods find the local minima close to the starting position, and are not suitable for larger optimization problems, and only the stochastic global optimization methods can be successfully applied to similar problems. Lute et al [6] conclude that the robust tool for optimization is genetic algorithm (GA) that can easily handle larger sets of variables, and can conveniently accommodate discrete and continuous optimization variables. Hasancebi [7] also uses GA but claims the main disadvantage of all GA is that they are computationally intensive and some approximate techniques should be considered to remedy this drawback. Rana et al. [4] and Ahsan et al [5] suggested special global optimization evolutionary algorithm EVOP and solved mixed integer optimization problem of twospan pre-stressed concrete bridge with 13 design parameters, showing that for similar problems the evolutionary algorithms can be an effective tool.
The optimal scheme of the network arch bridge can be sought by tuning a large set of parameters: starting from the cross-sections of all structural elements, the number of hangers, their arrangement type, and finishing with the hanger slope angles and the distances between adjacent hangers. The maximum effectiveness of optimization can be achieved by tuning all those parameters simultaneously since the parameters are interdependent.
The pedestrian bridges of moderate span are considered. The usual scheme of the bridge is a double arch tied by horizontal deck that is suspended by a network of hangers (Fig.  1) . The arches are connected together with a lateral bracing to provide the horizontal stability. If the arches are parallel and not considering the lateral bracing, it is possible to optimize the arches separately, thus significantly diminishing the size of the optimization problem. Thus, in this work an integrated technique for simultaneous topology, shape and sizing optimization of network arch bridges is suggested. Pure topology optimization is usually understood as optimization of continual structure seeking for optimal distribution of material over the space of the structure thus finally arriving to a discrete structure. However, in case of network arch bridges we considerably constrict the topology search space to the conventional elliptical shape of bridge but allow arbitrary number of hangers of conceivable in engineering sense schemes of their placing and inclination.
Thus the topology of the bridge is identified by the number of hangers and their arrangement type. The shape of the bridge is defined by the shape of the arch, its height and by the slopes of all hangers and distances between hangers. The sizing parameters include the cross-sections of all structural elements of the bridge. In case of moderate span, the load-bearing elements of deck and arch can be made of industrial steel profiles. In this work we consider, the deck beam is made of I-shape profile from the European IPE assortment, and the arch is a square or rectangular hollow tube from EN 10210-2:2006 assortment. The hangers are solid round strips.
The discrete nature of cross-sections of structural elements from specific assortments does not allow achieving the global minimum of optimization problem and cause non-smoothness of results. Therefore, the optimization is repeated also treating continuous welded hollow-tube shape cross-sections.
The total number of design parameters is up to 11. Some parameters are integers: the number of hangers, and the numbers of I-beam and arch cross-sections in the assortments. All remaining design parameters are treated as continuous variables.
Provided the following initial data on the structure: • Span of the bridge; • Material data on structural elements; • Data on dead and traffic loadings and loading cases;
• Maximum allowable deflections at the deck of bridge; • Lower and upper limits for the radius of hangers;
• Profile assortment tables, the optimization programs should yield the optimal, i.e. lightest scheme of bridge with a "one button click".
In mathematical terms, the problem is a constraint mixedinteger global optimization problem, since the landscape of the objective function is complex and cannot be obtained in a closed form. The results of numerical experiments definitely point to an actually multimodal character of the problem. Since the number of design parameters is rather large, we use stochastic evolutionary optimization algorithms (EA) from MatLab that do not require the sensitivity information. Stochastic algorithms do not guarantee the global solution to the problem, but in engineering practice it is more important finding a better local solution than the solution that is currently known.
A direct problem in obtaining the objective function value supposes a linear static analysis of bridge structure via the finite element method (FEM) and checking constraints. The constraint optimization problem is converted to the unconstrained one employing the static penalization technique. Slight improvement in optimization results can be obtained using hyper-heuristics combining the evolutionary algorithm and consecutive pattern search.
In this paper, the plane load-bearing structures of pedestrian network arch bridges of 18, 30, 42, and 54 m spans are designed. Also, it is shown that for different types of decks, i.e. heavy/ moderate/light-deck, very different optimal topologies of load-bearing structure should be used.
The remainder of the paper is organized as follows. Section 2 briefly describes the idealizations of the bridge structure, the mathematical model for the optimization problem, as well as the suggested optimization technique. Section 3 provides several examples of application of the proposed technique and shows the influence of some initial conditions, which are usually taken in engineering practice on the design variables. Obtained optimization results of network arch bridges of different spans are compared with corresponding results on the competing bridge scheme -under-deck stayed bridge; the comparison confirms Tveit's conclusion about the advantages of network arch scheme. The last section presents conclusions.
Problem formulation 2.1 Idealizations
The load-bearing structure of the network arch bridge is idealized as a plane frame system. The catenary effect, the sag of the longest hangers for the moderate spans is not relevant and is neglected. All connections between structural elements are treated as ideal contacts, i.e. all connections are perfectly rigid. The fatigue and vibration effects are not investigated -though fatigue can be controlled by the given allowable design stress. Many vibration and fatigue effects, and also risk of loss of local stability can be avoided if the relaxation of hangers is suppressed. This condition is included into the constraint system of optimization problem: if compression occurs in any hanger for any load case, the structure is treated as an infeasible. However, despite the fact that hangers receive only tension forces and are slender, all structural elements are idealized as 2-node beam finite elements. As shown in [8] , the linear analysis of the structure is valid, and when compared to the non-linear analysis, the discrepancies in results are on the safe side. Finally, the outer hangers have negligible influence on the behaviour of structure and therefore can be removed.
Since the bridges of moderate span are considered, the cross-sections of the arch and tie are constant. Also all hangers have the same cross-section.
According to the Eurocode 1, the bridge structure is analysed for the self-weight of the bridge itself plus four loading cases of a traffic load: distributed loading over the whole span, half of span, middle-half of span, and over both outside quarters of span.
Optimization technique
The complete set of optimization programs consists of four independent parts: a meshing program that from the set of design parameters prepares the whole data set for the FEM analysis program, the FEM linear static analysis program, evolutionary algorithm from MatLab [9] , and the program for evaluation of objective function value. The main module of program system is the EA. At the start, it randomly generates the given number of initial sets of the design parameters -in terms of EA, the population of individuals. Meshing program renders those individuals into the complete data sets for FEM program. The last program on the basis of FEM analysis results evaluates the objective function, verifies the constraints and, in case of constraint violation, penalizes the objective function so that the infeasible individuals would have lower probability to be included into the next population. Since the bottleneck in global optimization problems generally is the computational time, the fast problem-oriented meshing, original FEM analysis and post-processing programs in Fortran were employed. All Fortran programs are connected to the EA algorithm as the "black-box" programs. The short computation time is the main reason, why we cannot rely on the standard FEM packages and more precise analysis types.
On the basis of the obtained results EA generates the new improved population using special genetic operators of mutation, crossover and selection. This loop continues until one of the following criteria is reached: the maximum given number of populations is achieved, or the objective function value did not change over the given number of the last populations (called the "number of stall generations"), or the change in weighted average of objective function per stall generations is less than a given tolerance.
The best obtained (local) solutions then can be refined using other derivative-free heuristics, e.g. pattern search (PS) algorithm. For problems with a larger number of design variables it improves the solution up to 2%.
All the genetic parameters have to be tuned to the problem. Nevertheless, generally each numerical experiment ends up with different results therefore the optimization is repeated tens of times until the median values of objective function in final populations stabilize.
Statement of optimization problem
In mathematical terms, the optimization problem is formulated as follows:
for all load cases subject to:
• Structure equilibrium constraints;
• Strength constraints on all structural elements; • Stability constraints on the arch elements;
• Relaxation constraints on the hanger elements;
• Displacement constraints on the deck nodes.
f(x) in (1) is a nonlinear objective function of continuous and integer variables f : Â n →Â, n is the number of design parameters x, and D Ì Â n is a feasible region of design parameters. The global minimum f * at minimizers x * : f(x * ) = f * should be found. No assumptions on unimodality are included into the formulation of the problem, i.e. a number of local minima may exist.
The total mass of the bridge is considered the objective function.
The complete set of design parameters along with their characteristics and bounds is listed in Section 2.4, Table 1 .
The constraint optimization problem is converted to an unconstrained problem using static penalties proportional to the extent of constraint violation. In any trespass of any allowable value of requirement c i , the value of objective function is penalized:
The penalty factor p depends on the problem; in comparable problems of bridge optimization [10] the factor p = 2 demonstrated the best results.
The overall structure equilibrium constraints are checked solving the static problem via the FEM program. All the strength, stability and displacement constraints are formulated according to the Eurocode 3. Any occurrence of compression force in any hanger is penalized proportionally to the average value of tension axial forces in all hangers. Finally, the vertical displacement of any node at the deck due to the traffic load is constrained to 1/400 of the span.
Design variables and bounds
The typical plane load-bearing structure of the network arch bridge is shown in Fig. 2 .
Since the literature on the optimal scheme of network arch bridges provides sometimes contradictory recommendations, in this work the set of design parameters that encompasses most practical topologies and shapes of the scheme is employed.
The most discussed topic is the arrangement scheme of the hangers. Thus, we construct the complete hanger arrangement combining two anti-symmetrical sets of hangers (Fig. 2 (b) , (c)). Also we treat constantly changing inclination angles of hangers and changing distances between adjacent hangers. Two hanger slopes are included in the design variables: the inclination angle of the first hanger and the angle of the last hanger α f (Table 1 , initial and final slopes).
Consequently, each hanger has different inclination angle. It should be noted that those two design parameters cover also simpler cases of hanger arrangements: the hanger placement at equal inclination angles or the vertical hanger placement. Denoting the number of sections at the tie produced by one set of hangers by n, the angle change then is
The widths of all sections are also constantly varying. In the set of design variables we include only the width of the first section w i measured by the average section width w a . Then the width of each subsequent section is obtained augmenting the last width by At this type of hanger arrangement, some hangers' attachment points at the arch and tie may approach each other. When the distance between adjacent hanger attachment nodes is less than a given allowable value (it is an input for the meshing program; 0.1 m for all calculations in this work), the meshing program merges both nodes.
One of the crucial design parameters is the rise of the arch and its shape. We treat the arch as a part of ellipse and include into the design parameters the rise h and the ratio between ellipse radii k = R horizontal /r vertical . The k = 1 gives the circular shape, and the k < 1/2 and the small height of the arch resembles the section of parabola.
The section properties of the tie element -the I-shape beam are taken from the European IPE assortment (50 different profiles), and of the arch -from the European square and rectangular hollow section assortment (76 and 73 different profiles, 149 in total). The main problems associated with the use of those assortments in the optimization are that the discrete values of sectional geometrical properties are distributed in the range unevenly: for some table profiles of the same height the differences f p c c c
between adjacent values of the second area moments reach 25%, while for other profiles -up to 13-15%. Evidently, the rectangular cross-sections are better suited for absorbing bending in the arch, however, for some variants of the bridge, the EA results with a square hollow cross-section. Also with increasing numbers of profiles in the assortment table, the values of section properties, e.g. the section area or the second moment of the area, sometimes decrease. This hinders EA taking proper decisions on a needed number of the profile. The complete set of the design parameters along with their bounds is provided in the Table 1 . 
Numerical results and discussion
As an example, the plain load-bearing structures of network arch pedestrian bridges of 18, 30, 42 and 54 m spans are optimized. After the Eurocode 1, the load-bearing structure of the bridge should pass all the strength, stability, and slenderness constraints for 4 loading cases of live traffic load (clarified in Section 2.1); in all cases also the dead weight of the load-bearing structure and the deck must be appended. The intensity of the live loading is 13 kN/m, while the intensity of dead loading depends on the type of deck: 13 kN/m for the light bridge, 26 kN/m for moderate deck, and 39 kN/m for the heavy one. For the sake of simplicity, these dead loading cases will be denoted by L1, L2, and L3, correspondingly. Thus, 12 different loadbearing structures were optimized in total.
To summarize, the following specific data on the bridge do not vary in the optimization process and remain constant: The following genetic parameters of the EA were chosen after a few numerical experiments:
• Population size -100 individuals;
• Number of generations -150;
• Stopping criterion -the first met, of: maximum number of generations -200; number of stall generations -100; objective function tolerance -1e-6; • Crossover probability -0.8;
• Crossover type -Laplace crossover [11] ;
• Mutation type -power mutation [12] Every optimization problem is solved 50 times; more runs do not change significantly the median results. Evidently, it is not known whether the EA solution is precisely a global or even a local minima point. The exact minima point in the neighbourhood of the obtained solution can be reached using other heuristics, e.g., pattern search (PS) algorithm. After the best optimization results are defined, we start the PS from the three best solutions allowing 16000 additional objective function evaluations with initial mesh size 1, mesh expansion factor 2, and function tolerance 1e-6. In almost all optimization problems the best result after the PS is achieved when starting the algorithm from the best result of EA. However, the gains in total mass of structure do not exceed 1.5%; i.e., the EA locates the solution points with a sufficient precision. Hereafter, only the best results after PS will be refereed.
Solution time depends on the number of FEM mesh nodes that, in turn, is determined by the number of typical sections n. 50 independent runs of the program package usually take from 4 to 24 hours on a typical PC. The results of optimization clearly indicate the multimodal character of objective function. For example, in Fig. 3 the topologies of the three best solutions for the bridge structure of 54 m span and traffic load case L2 are shown. At close values of objective function -the total masses of 6773.2 kg (n = 42), 6827.7 kg (27), and 6850.8 kg (19) -besides different geometrical parameters, the obtained arrangements of hangers distinctly point to the discrepant topologies. In this case, also the difference in objective function values for three best solutions is highest, reaching 1.1%. Here we should note one advantage of using stochastic optimization algorithms that generally produce several solutions with close objective function values but distant topologies: the designer may choose the third solution with only 34 hangers and lower arch rise instead of slightly lighter solution with 80 hangers.
Since the objective function values of few best solutions are very close, in the Table 2 only the results on the best solutions for each span and each load case are provided along with leading design parameters and the vertical stiffness ratios between the tie and arch. In the Table 2 also the median and maximum objective function values of all 50 independent numerical experiments are shown in order to characterize the optimization quality. Evidently, the discrete geometrical properties of cross-section assortments burden the optimization process. This is clearly seen, e.g., from the results on 18 m span and different load cases: the EA chose the same profiles for various loadings. Since the design parameters are interdependent, it results in rather far-off values of remaining parameters.
In common, in engineering practice the simpler network arch bridge design is preferable: the circular arch shape, and the equidistant placement of hangers along the tie. Therefore, next we optimise the same bridge schemes at different initial conditions: only allowing the circular shape of bridge and alternating distances between hangers, and circular shape plus equidistant placement of hangers. The obtained results are compared in the same Table 2 .
In two cases the circular arch shape provides even better optimization results than the more general arch shape -the cases of 18 m L1 and 42 m L1. The gains do not exceed 1.6% and can be explained by a well suited pair of I-beam and hollow tube profiles for those particular span/load cases. In all remaining cases the results are as expected: more freedom in geometrical parameters produces better results. Going from elliptical arch to a circular sets of design parameters comprises only 13.3% (54 m L3).
Changing the shape of the arch from elliptical to circular, the EA apparently tries reducing the initial distance between hangers. Only for the elliptical arch case of 42 m L1 -this was the only case with ellipse radii ratio <1, the initial distance is increased when the arch becomes circular. In all cases the optimal initial distance is around 0.5-0.7 of average distance.
Also, when going to a circular arch and then to a circular arch with an equidistant placement of hangers, the algorithm places the hangers at more upright angles: the α i diminishes while the α f increases. The number of hangers is rather stable parameter for smaller spans and lower loading, the dispersal increases for larger spans and loads. Generally, the discrete nature of cross-section palette prevents drawing general conclusions about the optimal ranges of design parameters. In order to obtain deeper insights on the optimal values of parameters, the load-carrying structure of the bridge was re-optimized employing the welded hollow tube cross-sections for the arch and the tie. Now instead of design parameters No 8 and 9 (Table 1) , four new continuous design parameters appear: the width and the height of the arch and the tie tubes; the range of parameters is 0.2 to 0.6 m. The thickness of the tube wall is chosen depending on the height of crosssection so that the local stability constraint is satisfied.
Concerning parameters on which contradictory recommendations are proposed in the literature -for the number of hangers and their placement scheme, we find rather scattered optimal values: from 30 for both sets of hangers (18 m L1) to 60 (30 m L3). Plausible, including into the objective function the additional fictitious masses due to the price of hanger/arch and hanger/tie connection nodes, the EA would yield lower numbers of hangers. However, the ratio of the total mass of hangers to the total mass of the whole bridge is rather stable (Fig. 4) , falling between 0.10 and 0.13. Studying the hanger inclination angles it is obvious that those parameters have less influence on the objective function. Optimal value of the last hanger angle is about 30 o , while the first hanger should be at an angle 100 o -105 o . Also is evident, that the hangers should be placed at alternating distances between them, starting from narrower distance of 0.8-0.9 of an average distance, and gradually increasing it.
The average optimal values of all main parameters in three best solutions (ratios of ellipse radii, of the rise of arch to span, of vertical stiffnesses of arch and tie, and of total mass of hangers to the total mass of bridge) are shown in Fig. 4 . Thus, the optimal shape of arch is clearly elliptical with ratio of both ellipse radii from 1.20 to 1.40, and the ratio between rise and span falls into narrow interval from 0.19 to ~0.23. For lighter bridge, the vertical stiffness of an arch must be higher than stiffness of the tie; with increasing span the differences between stiffnesses should diminish. Lastly, we provide the comparison of two alternative bridge schemes: the current results on network arch bridges and the optimization results of the novel bridge scheme, the underdeck stayed bridges for the same spans and loading cases under the adequate constraints according to the Eurocodes. [13, 14] claim this innovative unconventional bridge type is superior for medium spans. The optimized schemes of under-deck stayed bridges composed of steel profiles from the same assortment tables are provided in [15] .
Generally, the Tveit's proposition that the network arch bridge is the most slender bridge scheme is true. Only for the least loadings the under-deck stayed bridges outperform the network arch scheme by 9.8-9.9% (30 m L1, 42 m L1). The network arch bridge is clearly more slender for the heaviest loads, being lighter even by 19.2-25.1% (42 m L3, 18 m L3).
Conclusions
A technique for the simultaneous topology/shape/sizing optimization of load-bearing structures of network arch bridges has been suggested. The main idea of the work is presenting the designer a simple and fast tool for obtaining the full initial project of a bridge by "one button click". Later, the obtained scheme can be validated by subsequent non-linear and dynamic analyses.
The technique covers four independent programs: the finite element linear static analysis program, the meshing pre-processor, the post-processor for evaluation of constraints and objective function, and the population-based optimization algorithm. If required, each part can be replaced by an appropriate program.
Based on the results obtained from the optimization of 12 moderate span network arch pedestrian bridge structures composed of industrial steel profiles, it was possible to conclude the following:
The optimal arch shape is elliptical. However, the losses in the total mass of the structure when simplifying the arch shape to the circular are more significant only for longer spans and heavier loadings and reach up to 12%.
The optimal rise of the arch is the most stable parameter, for all cases falling into narrow interval 0.2-0.23 of the span.
The hangers should be placed at inclined angles, starting from an angle >90 o and ending with 25-50 o . The optimal values of remaining design parameters are more scattered and for the particular spans, loadings and cross-section assortments should be determined employing global optimization programs.
